D-string world-sheet instantons II: Stack of Z-Semistable Morphisms

Introduction and outline
In a suitable regime of superstring theory, D-branes in a Calabi-Yau space and their most fundamental behaviors can be nicely described mathematically through morphisms from Azumaya spaces with a fundamental module to that Calabi-Yau space. In the earlier work [L-L-S-Y] (D(2): arXiv:0809.2121 [math.AG], with Si Li and Ruifang Song) from the project, we explored this notion for the case of D1-branes (i.e. D-strings) and laid down some basic ingredients toward understanding the notion of D-string world-sheet instantons in this context. In this continuation, D(10), of D(2), we move on to construct a moduli stack of semistable morphisms from Azumaya nodal curves with a fundamental module to a projective Calabi-Yau 3-fold Y . In Part I of the note, D(10.1), we defined the notion of twisted central charge Z for Fourier-Mukai transforms of dimension 1 and width [0] from nodal curves and the associated stability condition on such transforms and proved that for a given compact stack of nodal curves C M /M, the stack In the current Part II (D(10.2)) of D (10), we take D(10.1) as the foundation to define the notion of Z-semistable morphisms from general Azumaya nodal curves, of genus ≥ 2, with a fundamental module to a projective Calabi-Yau 3-fold (Definition 3.1.1) and show that the moduli stack of such Z-semistable morphisms of a fixed type is compact (Theorem 4.0) . This gives us a counter moduli stack to D-strings as the moduli stack of stable maps in GromovWitten theory to the fundamental string. It serves and prepares for us the basis toward a new invariant of Calabi-Yau 3-fold that captures soft-D-string world-sheet instanton numbers in superstring theory. (Cf. Sec. 1, Theme 'Issues on stability conditions for morphisms from general Azumaya nodal curves with a fundamental module'.)
Remark 0.1.[work of Nagaraj-Seshadri and Li-Wu] . This is a remark for experts on the issue of moduli spaces of vector bundles on nodal curves and their degenerations. Our notion of Zsemistable morphisms from Azumaya nodal curves with a fundamental module to a Calabi-Yau 3-fold is a generalization of the construction from D.S. Nagaraj and C.S. Seshadri of generalized Gieseker moduli spaces in their study of degenerations of moduli spaces of vector bundles on curves ([N-S, II]). Conditions (1), (2), and (3) in Definition 3.1.1 in Sec. 3.1 are indeed a generalization of an abstraction of their related study [N-S, II: Sec. 2]: "Vector bundles over the curves X k ", where X k is a nodal curve from bubbling off a node of a stable curve by attaching a P 1 -chain of length k. In this regard, Sec. 2.1 and Sec. 2.2 of this note may be regarded as a counter part to part of [N-S, II: Sec. 2].) On the other hand, with the requirement of compactness of moduli space however constructed in mind, we need something to help demonstrate/control how far a general Fourier-Mukai transform that appears in the reduction is from being in our category. For this we learned from Baosen Wu his work with Jun Li [L-W] the technique of error Hilbert polynomials in their case (turned to error charges in our case). In this regard, Sec. 2.3 and Sec. 4.2 are the parallel to their study of error Hilbert polynomials of sheaves in a degeneration in .3 "Numerical criterion" and part of Sec. 5 "Properness of the moduli stacks"]. We acknowledge also the works [Ca] , [Gi2] , [Kau] , [K-L] , [M-O-P] , [Pa] , [P-R] , [Sch] , [Sun] , and [TiB] for related studies that have influenced us in the brewing years since spring 2008.
Convention. Standard notations, terminology, operations, facts in (1) stacks; (2) moduli spaces of sheaves; (3) cohomological techniques in algebraic geometry can be found respectively in (1) [L-MB]; (2) [H-L] ; (3) [Gro2] , [Ha] , [EGA III ].
1 D-string world-sheet instantons, morphisms from Azumaya nodal curves with a fundamental module, Fourier-Mukai transforms, and issues on stability conditions
Here, X pr 1 ← − − X × Y pr 2 − − → are the projection maps, ι : Supp (Ẽ) → X × Y is the embedding of the subscheme, and note that Supp (Ẽ) is affine over X.
TreatingẼ as an object in the bounded derived category D b (Coh (X ×Y )) of coherent sheaves on X × Y ,Ẽ defines a Fourier-Mukai transform ΦF : D b (Coh (X)) → D b (Coh (Y )), in short name, a Fourier-Mukai transform from X to Y . In this way, the data that specifies a morphism ϕ : (X, O Az X ; E) → Y is matched to a data that specifies a special kind of Fourier-Mukai transform. We now specialize to the objects of this subseries D(10): The case of D1-branes (i.e. Dstrings) world-sheet instantons.
D-string world-sheet instantons, central charges, and stability conditions
In the context of a compactification of Type IIB superstring theory on a Calabi-Yau 3-fold Y , an instanton in the effective 4-dimensional, N = 1, supersymmetric quantum field theory can be created by "wrapping" a (Euclideanized/Wick-rotated) D-string world-volume on some cycles in Y ; cf. 2. An instanton in the effective 4-dimensional quantum field theory is created by "wrapping" a Euclideanized/Wick-rotated D-brane world-volume on a cycle of the internal Calabi-Yau space Y in the compactification of a Type II superstring theory. In the weak D-brane tension regime of superstring theory, such "wrapping" can be described by a morphism ϕ from an Azumaya space with a fundamental module (X Az , E) to Y . In particular, for D-strings in the Type IIB superstring theory, this gives a description of soft D-string world-sheet instantons. 
where ζ i runs through the generic points of Supp (F) and d i is the dimension ofF| ζ i as a k ζ ivector space. Then,
In particular, for non-zero coherent sheaves on
,L takes its values in the partially completed lower-half complex planê
([L-Y3: Definition 2.1.4].) Continuing Definition 1.2. We define the Z-slope for a non-zero coherent sheafF on C × Y of dimension ≤ 1 to be
Definition 2.2.1].) Continuing the discussion.
(1) A 1-dimensional coherent sheafF on C × Y is said to be Z-semistable (resp. Z-stable) if F is pure and µ Z (F ) ≤ (resp. <) µ Z (F) for any nonzero proper subsheafF ⊂F. Such F is called Z-unstable if it is not Z-semistable, and is called strictly Z-semistable if it is Z-semistable but not Z-stable.
(2) A morphism ϕ : (C, O Az C := End O C (E); E) → Y is said to be Z-semistable (resp. Z-stable, Z-unstable, strictly Z-semistable) if its graphẼ ϕ ∈ Coh 1 (C × Y ) is Z-semistable (resp. Z-stable, Z-unstable, strictly Z-semistable).
When the central charge functional Z is known and fixed either explicitly or implicitly, we may use the terminology: semistable, stable, unstable, strictly semistable, for simplicity.
Compactness of the moduli stack of Fourier-Mukai transforms from stable curves Assumption 1.6. [g ≥ 2] . For the rest of the notes, we assume that g ≥ 2 and leave the special cases of g = 0 and g = 1 to separate notes.
) be a projective Calabi-Yau 3-fold with a fixed complexified Kähler class, M g be the moduli stack of stable curves of genus g, C Mg /M g be the associated universal curve over M g with a fixed relative polarization class L. Then the moduli stack FM Issues on stability conditions for morphisms from general Azumaya nodal curves with a fundamental module As in Gromov-Witten theory for stable maps, the domain Azumaya nodal curves with a fundamental module of our intended Z-semistable morphisms are not fixed. To have a good mathematical theory of D-string world-sheet instantons, we want our moduli stack of intended Z-semistable morphisms from Azumaya nodal curves with a fundamental module to Y to be compact. This is a minimal requirement to have a well-defined intersection theory on the moduli stack. Only then may one have a chance for a good-enough tangent-obstruction theory, at least in some important cases, to define D-string world-sheet instanton numbers from a purely D-string world-sheet aspect. If achieved, this would give us a counter theory to D-strings as Gromov-Witten theory to the fundamental string.
However, also as in Gromov-Witten theory, degenerations of a naive Z-semistable morphism ϕ in our problem may give rise to objects not in our category. For example and in terms of the graphẼ ϕ ∈ Coh 1 (C × Y ) of ϕ, Supp ( E ϕ ) may turn to have a vertical component with respect to the projection map pr C : C×Y → C and/or E = pr C * (Ẽ ϕ ) may turn to a non-locally-free sheaf on a deformation of C. Just considering morphisms alone, all such bad degenerations/irregularities of morphisms under a deformation can be corrected/absorbed by P 1 -bubbling trees added to nodal curves, as in Gromov-Witten theory. However, as there is no known universal estimate to relate the complexity of degenerations of intended Z-semistable morphisms in our category to a bound on the complexity of the P 1 -trees needed to absorb the bad degeneration, there is no way to select beforehand a large enough polarization class L on nodal curves to guarantee that we never use up its positivity condition to define Z-semistability condition on morphisms when extending the polarization class on a nodal curve to its cousin with P 1 -bubbling trees. This is the same issue mathematicians already ran into when studying the Gieseker-type compactifications of moduli spaces of vector bundles on stable curves.
Following the lesson learned from these previous studies on moduli spaces of vector bundles on nodal curves ([Gi2] , [N-S,II] , and e.g. [Kau] , [K-L] , [Sch] , [Sun] , [TiB] ), the way out of such difficulty in our situation is, in conceptual, nontechnical, and slightly imprecise words, that one needs to separate the underlying domain nodal curve C of a morphism ϕ : (C, O Az C ; E) → Y in our problem into the union of a major nodal subcurve C 0 and a minor subcurve C 1 . C 0 in general contributes to the imaginary part of the twisted central charge of ϕ and is where the Z-semistability of ϕ should be imposed in the standard way, as given in Definition 1.5 now applied only toẼ ϕ | C 0 , while C 1 consists only of P 1 -bubbling trees, whose contribution to the Z-semistability of ϕ has to be imposed by hand (in an as-natural-as-possible way).
The moduli stack FM 2 Preliminaries aiming for a definition of stability conditions for morphisms from general Azumaya nodal curves with a fundamental module
To extend the notion of semistable morphisms from Azumaya nodal curves with a fundamental module beyond the domains reviewed in Sec. 1 in such a way that it is natural and that it gives rise to a compact moduli stack, there are two sets of technical issues one has to understand beforehand -one on the behavior of cohomologies under push-pull and the other on the behavior over bubbling P 1 -trees. In this section, we explain what paves our path toward Definition 3.1.1 of general semistable morphisms in Sec. 3.1. It is also through this section one can see better why Definition 3.1.1, though conceivably not the only possibility, is very natural.
Push-forward and higher direct image of sheaves
We address in this subsection related cohomological issues toward the notion of semistable morphisms in our problem.
Lemma 2.1.1. [criterion for pushing forward a flat family to another flat family]. Let S be a separated Noetherian base scheme; f S : X S → X S be an S-morphism of separated Noetherian schemes of finite type over S; and F S be a quasi-coherent sheaf on X S that is flat over S. Assume that R i f S * (F S ) = 0 for all i > 0, then f S * (F S ) is a quasi-coherent sheaf on X S that is flat over S.
We remark that in our application, f S is projective and the same statement holds with 'quasi-coherent' replaced by 'coherent'.
Proof. As the statement is local, without loss of generality, one may assume that both S and X are affine with S = Spec A 0 , X = Spec A, and A is an A 0 -algebra. In this case, f S * (F S ) = H 0 (X S , F S ) ∼ , the quasi-coherent sheaf on X S associated to the A-module H 0 (X S , F S ). Similarly, R i f S * (F S ) = H i (X S , F S ) ∼ for i > 0. The statement becomes:
• Let F S be a quasi-coherent sheaf on X S that is flat over S = Spec A 0 with H i (X S , F S ) = 0 for all i > 0. Then, H 0 (X S , F S ) is a flat A 0 -module.
Which we will prove. Let U = {U α } α be a finite affine open cover of X S , then {H i (X S , F S )} i≥0 is the cohomology associated to theČech complex
Consider now the following sequence of short exact sequences
Here,
for all i > 0 and p ≥ 0, since C p (U, F S ) is a flat A 0 -module. It follows that
Since Tor
for all ideal I 0 of A 0 . This shows that H 0 (X S , F S ) is a flat A 0 -module and hence proves the lemma.
Lemma 2.1.2. [relation on push-forward as a closed condition]. Let (B, b 0 ) be a smooth pointed curve, f B : X B → X B be a birational projective morphism of Noetherian B-schemes whose exceptional locus is of relative dimension 1 under the restriction of f B , F B be a coherent O X B -module that gives a flat family of pure 1-dimensional coherent sheaves on fibers of X B over B, and f * B (F B ) → F B → 0 be a quotient O X B -module that gives a flat family of 1-dimensional coherent sheaf on fibers of X B over B. Suppose that
Here, ( • ) B−{b 0 } and ( • ) b 0 mean the restriction of ( • ) to over B − {b 0 } and b 0 respectively.
Proof. The pre-composition with a natural homomorphism
together with the assumption that F B is flat over B and that its restriction to over B − {b 0 } is an isomorphism
gives an inclusion, which extends to an exact sequence of O X B -modules
where Q is supported in an infinitesimal neighborhood of X b 0 in X B . This induces a long exact sequence
This gives the exact sequence
it follows then from the purity of F b 0 that Q b 0 (and, hence, Q) = 0. This proves that
is an isomorphism. First note that, by the assumptions in the lemma, Ker (α) is 0-dimensional on X b 0 , which must then vanish since (f B * (F B ))| b 0 F b 0 is pure. Consider now the exact sequence of coherent O X B -modules
which gives the long exact sequence of coherent O X B -modules
Assumptions (1) and (2) and the fact that F b 0 is supported only on X b 0 imply further that the above long exact sequence can be truncated to give a short exact sequence of coherent
and, hence, is isomorphic to F B over an affine neighborhood of b 0 ∈ B.
by Assumption (1). It follows that α is an isomorphism. This concludes the proof.
As we only need to deal with coherent sheaves of relative dimension ≤ 1, we now turn to some criteria naturally occurring in our setting that force the first (and hence all higher) direct image of sheaves to vanish. A basic example is given in the lemma below whose repeating use, together with base changes, is enough to deal with the case of P 1 -bubbling from resolving A nsingularities on a complex surface from the total space of a complex 1-parameter family of nodal curves. However, what we will actually use for this note is the more powerful/encompassing Lemma 3.2.1 in Sec. 3.2.
Lemma 2.1.3. [criterion for vanishing first direct-image sheaf ]. Let f : X → X be a projective morphism of Noetherian schemes that fits into the following commutative diagram
and F be a coherent sheaf on X that fits into an exact sequence of the form
Proof. Since one has the quotient homomorphism
This gives a long exact sequence of coherent O X -modules
Since both R 1 pr X * (O ⊕k P 1 X ) and R 2 pr X * (H) vanish from the known cohomology of projective spaces and the fact that pr X has only relative dimension 1, the lemma follows.
Proof. This is an immediate consequence of the spectral sequence associated to a composition f = g • h of morphisms of Noetherien schemes, which gives the exact sequence
2.2 A special class of morphisms from Azumaya curves with a fundamental module and positivity of fundamental modules on P 1 -trees
Anticipating the issue of bubbling P 1 -trees from removing irregularities of a morphism to haunt us, as in the case of Gromov-Witten theory, we study in this subsection related algebraic geometry for a special class of morphisms from Azumaya P 1 -trees with a fundamental module.
A special class of morphisms from Azumaya curves with a fundamental module The decoration/marking α in Property (1) specifies a morphism 
be the projection maps. Then, there exists an m > 0 such that
where the first homomorphism is given by multiplication of global sections, is exact.
· The quotient sequent sequence
is the pull-back of the universal quotient sequence
-Note thatQ is a locally free sheaf on
In particular, detQ is a very ample line bundle on
Back to the study of ϕ or, equivalently,Ẽ ϕ . Property (1) ofẼ ϕ initiates the above construction. From the above review, if letting O (C×Y )/C (1) be the relative ample line bundle on (C × Y )/C associated to the ample line bundle
Here, pr C : C × Y → C is the projection map. In general, pr C * (Ẽ ϕ (m)) is not isomorphic to pr C * (Ẽ ϕ ) = E. However, when Property (2) holds forẼ ϕ ,Ẽ ϕ (m ) Ẽ for all m . Thus, in this case,
and the universal quotient bundle on
and detQ is very ample, E has positive degree on each irreducible component of C. In summary:
Lemma 2.2.1. [global generation of E and positivity of deg (E)]. Let ϕ : (C, O Az C ; E) → Y be a morphism as above, whose graphẼ ϕ ∈ Coh (C × Y ) satisfies Properties (1), (2), and (3). Then E is globally generated and has positive degree on each irreducible component of C.
When C is a P 1 -tree: positivity of fundamental modules Definition 2.2.2. [P 1 -tree and P 1 -chain]. A compact (not necessarily connected) nodal curve C that is simply-connected is called a P 1 -tree since in this case all its irreducible components are P 1 's and the dual graph to C is a tree (i.e. a simply-connected graph with possibly more-than-one connected components ). A P 1 -tree that is connected and such that each P 1 -component intersects with at most two other P 1 -components is called a P 1 -chain. The number of P 1 -components in the chain is called the length of the chain. For a P 1 -chain of length > 1, there are exactly two P 1 -components, each of which intersects with only one other P 1 -component. Each is called a P 1 at an end of the chain. Cf. Figure 2 -2-1.
We now consider the case when C is a P 1 -tree. As in the Gromov-Witten theory for worldsheet instantons created by fundamental strings, such P 1 -trees occur from bubbling off of domains to keep the regularity of morphisms in our problem.
Recall the structure theorem of Grothendieck that a locally free sheaf of rank r on P 1 must be of the form
Definition 2.2.3. [nonnegative/positive/strictly-positive locally-free sheaf on P 1 -tree].
A locally free sheaf E of rank r on a P 1 -tree C is called
· positive if it is nonnegative and each connected component of C has at least one P 1 -
Figure 2-2-1. Two examples of P 1 -trees and their dual graph are illustrated. In (a), the P 1 -tree has two connected components. In (b), a P 1 -chain of length 6 is illustrated. Note that bubbling P 1 -trees that arise from resolving/absorving irregularities of morphisms from a filling (cf. Sec. 4.3) can be complicated.
By definition, strictly positive ⇒ positive ⇒ nonnegative . . Let E be a locally free sheaf on a P 1 -tree C. Then E is strictly positive if and only if E is globally generated and of positive degree on each irreducible component.
Proof. That global generatedness and positive degree together imply strict positivity follows immediately from the structure theorem of Grothendieck. For the converse, we postpone till the end of the next theme after the space H 0 (C, E) of global sections of E is studied.
Continuing the discussion from the previous theme. Thus, as a consequence of Lemma 2.2.1 and Lemma 2.2.4, one has the following proposition: Proposition 2.2.5. [necessary condition for (P 1 -tree, E) to admit special morphism]. Let C be a P 1 -tree and (C, O Az C ; E) be an Azumaya P 1 -tree with a fundamental module that admits a special morphism ϕ to Y whose graphẼ ϕ satisfies Properties (1), (2), and (3). Then E must be strictly positive on C.
This gives us a guide to a part of the stability condition in Sec. 3.1 and is the main reason why Definition 3.1.1 there gives rise to a bounded moduli stack, taking into account the preliminary compactness result in Part I [L-Y3] (D(10.1)) of the work.
H 0 (C, E) and sections of E that vanish at specified points on C Let C be a P 1 -tree and E be a nonnegative locally free sheaf of rank r on C.
Lemma 2.2.6. [h 0 (E)]. Let {C ij P 1 : i, j} be the set of irreducible components of C, where i labels the connected components of C and j labels the irreducible components in the i-th connected component of C.
where |π 0 (C)| is the number of connected components of C. In particular, except the number of connected components of C, it is independent of how this collection of nonnegative locally free sheaves on P 1 's are glued to give a nonnegative locally free sheaf E on a P 1 -tree C (i.e., independent of the isomorphism class of the pair (C, E) from gluing except |π 0 (C)|).
Proof. Recall that h 0 (O P 1 (a)) = 1 + a for a ≥ 0. As a consequence of the structure theorem of Grothendieck, any element in a fiber of a nonnegative locally free sheaf F ⊕ r k=1 O(a k ) on P 1 extends to a global section of F. The dimension of the space of such extensions is given by the sum r k=1 a k . The fact that a tree is simply connected implies that there is no constraint on extending sections to over a new P 1 -component when building a nonnegative locally free sheaf on C by gluing a nonnegative locally free sheaf on P 1 one at a time through an isomorphism between paired fibers. For each connected component, the extension-of-global-sections is indifferent to the isomorphism class of the whole sheaf from gluing as well. It follows that, for the i-connected component of C, the dimension h 0 of the space of global sections is given by r + j,k a ijk . The lemma follows.
Remark 2.2.7. [constrained sections and torsions under collapsing P 1 -tree]. Let A ⊂ C be a finite set of a-many distinct points on the P 1 -tree C. Then, the linear space
When A is the set of attached points of a P 1 -tree to the rest of a nodal curve, such sections generate torsions when pushing forward a locally free sheaf on the nodal curve by a collapsing morphism that contracts the P 1 -tree.
Finishing the proof of Lemma 2.2.4. Let C be a P 1 -tree and E be a strictly positive locally-free sheaf on C. It's clear from the definition of strict positivity of E that det E has positive degree on each irreducible component of C. Furthermore, as in the proof of Lemma 2.2.6, any element in a fiber of E extends to a global section of E. It follows that the natural homomorphism of
is surjective. This shows the other direction of the lemma.
2.3 Remarks on nonnegative torsion-free sheaves on a P 1 -tree.
As our main interest is semistable morphisms from Azumaya nodal curves with a fundamental module, the objects in Sec. 2.2 are well anticipated. However, somewhere along the path toward our goal we need also to understand the basics of nonnegative torsion-free coherent sheaves on a P 1 -tree. We devote this subsection to this, with details that are similar to Sec. 2.2 omitted.
Convention 2.3.1. [coherent sheaf of rank r]. By convention, a (coherent) sheaf of rank r on a curve C means a coherent O C -module that has rank r on every irreducible component of C.
Discrepancy to flatness and positive sheaves on a P 1 -tree Definition 2.3.2. [discrepancy to flatness]. Let F be a torsion-free sheaf of rank r on a nodal curve C. For p ∈ C, define the discrepancy to flatness of F at p to be
Note that F is flat at smooth points of C. Thus, δ flat (F; • ) = 0 except possibly at nodes of C and F is flat if and only of δ flat (F; • ) is identically 0. Also, it follows from [Se1:
Chapter 8] that 0 ≤ δ flat (F; p) ≤ r for all p. Thus, one may define the discrepancy to flatness of F on C to be
It's clear that a torsion-free sheaf F of a fixed rank on C is locally free if and only if δ flat (F) = 0. This justifies the name. (Cf. Definition 2.2.3.) A torsion-free sheaf F of rank r on a P 1 -tree C is called
for some non-negative integers 0 ≤ a 1 ≤ · · · ≤ a r , where (F| P 1 ) torsion is the torsion subsheaf of F| P 1 involved;
· positive if it is nonnegative and each connected component of C has at least one
By definition, strictly positive ⇒ positive ⇒ nonnegative . Definition 2.3.4. [weighted graph associated to (C, F)]. Let F be a torsion-free sheaf on a P 1 -tree curve C and {C ij P 1 : i, j} be the set of irreducible components of C, where i labels the connected components of C and j labels the irreducible components in the i-th connected component of C.
Define the weighted graph Γ (C,F ) associated to (C, F) to be the (unoriented) graph that associates to each C ij a vertex v ij , with weight {a ij1 , . . . a ijr }, and to each node p, say connecting C ij and C ij , an edge e i,jj connecting v ij and v ij , with weight δ flat (F; p). (By convention, e i,jj = e i,j j .) Note that, forgetting the weights, Γ (C,F ) is simply the dual graph/tree to C. Definition 2.3.5. [degree] . Continuing the setting in Definition 2.3.4. The degree deg (F) of a torsion-free sheaf F on a P 1 -tree curve C is defined to be i,j,k a ijk .
Lemma 2.3.6. [h 0 (F)]. (Cf. Lemma 2.2.6.) Continuing the setting in Definition 2.3.4 with the additional assumption that F is nonnegative. Then
where |π 0 (C)| is the number of connected components of C. Again, except the data already encoded in the weighted graph Γ (C,F ) associated to (C, F), h 0 (F) is independent of the isomorphism class of the pair (C, F).
Proof. It follows from the classification of the germs of a torsion-free sheaf at a node of a nodal curve, given by C.S. Seshadri in [Se1: Chapter 8] , that the torsion-free sheaf F is reconstructible from (F| C ij ) torsion-free as follows:
· Let e be an edge in Γ (C,F ) of weight δ i,jj and connecting vertices v ij and v ij .
· At the level of curves, e means there are a pair of points, p i,jj ∈ C ij and p i,j j ∈ C ij , which are glued to give a node p in C.
· At the level of sheaves, e means there are a pair of codimension-δ subspaces,
together with projection maps
and an isomorphism h i,jj :
recovers the torsion-free sheaf F on C by gluing through the isomorphism h • of codimension-δ • subspaces in the paired fibers of (F| C ij ) torsion-free 's at paired points in C ij 's with a sheafof-local-sections structure through those of (F| C ij ) torsion-free 's and the projection maps π • . In particular, it specifies the C-vector space structure on the fiber at the node p after gluing as the fibered product
In terms of this gluing data,
Compared with the special case when F is locally free (i.e. δ flat (F) = 0) and the procedure of extending an existing global setion to cross a node to over another irreducible component of C, as studied in Sec. 2.2, here the same goes through except that each node p ∈ C now contributes an additional δ flat (F, p)-many dimensions to H 0 (C, F). The lemma follows.
Lemma 2.3.7. [criterion of strict positivity]. (Cf. Lemma 2.2.4.) Let F be a torsion-free sheaf on a P 1 -tree C. Then F is strictly positive if and only if F is globally generated and the locally-free quotient (F| P 1 ) torsion-free of its restriction to each irreducible component P 1 has positive degree.
Proof. We shall adopt the notation from Definition 2.3.4. Given a strictly positive torsion-free sheaf F on a P 1 -tree C, by definition the locally-free quotient (F| P 1 ) torsionf reescriptsize of its restriction to each irreducible component P 1 has positive degree. Furthermore, the proof of Lemma 2.3.6 implies that the sequence from the natural evaluation homomorphism
Since, furthermore, (F| C ij ) torsion-free has positive degree, F must be strictly positive.
Decrease of δ flat ( • ) when bubbling off a P 1 -tree with a positive sheaf Proposition 2.3.8. [decrease of δ flat ( • ) when bubbling off P 1 -tree with positive sheaf ]. Let h : C → C be a collapsing morphism of nodal curves that contracts a P 1 -tree subcurve C u of C , F be a torsion-free sheaf on C of rank r, and F be a torsion-free sheaf on C , also of rank r, such that
Proof. Since F is torsion-free and h * (F ) and F have the same rank,
Furthermore, since the restriction h :
is an isomorphism, F is torsion-free, and the scheme-theoretical preimage h −1 (h(C u )) is exactly C u , Ker (β) is supported at the finite set h(C u ) of points on C. As we are concerned only with the difference
we may assume, without loss of generality, that F is locally free on C − C u (and, hence, F and h * (F ) are locally free on C − h(C u ) ). With this additional assumption, let C = C 0 ∪ C u be the decomposition fo C into a union of the contracted P 1 -tree C u and the subcurve C 0 that's not contracted by h. Note that the restriction h : C 0 → C is birational, affine, surjective, and of relative dimension 0. Let p ∈ h(C u ) and C u,p := h −1 (p), a connected P 1 -tree subcurve in C u .
· Case (a) : p is a smooth point on C.
Then, C u,p has only one contact point p with C 0 . Under h * , F | C u,p contributes only to Ker (β) ⊂ h * (F ) as the torsion subsheaf supported at the smooth point p. It has length
as a consequence of Lemma 2.3.6, though irrelevant to δ flat (F ) − δ flat (F).
· Case (b) : p is a node on C.
Then, C u,p has two contact points, p − and p + with C 0 . Under h * ,F | C u,p may contribute to both Ker (β) and δ flat ((h * (F )) torsion-free ; p).
For the Ker (β) part, again as a consequence of Lemma 2.3.6, F | C u,p contributes to Ker (β) as the torsion subsheaf supported at the node p of length max{0, η p − r}, where
which can be either ≤ r or > r. (By convention, a torsion sheaf of length 0 is the 0-sheaf.)
For the δ flat ((h * (F )) torsion-free ; p) part, since all local sections in the stalk of h * (F ) at p contribute to the fiber
of h * (F) at p, it follows from Lemma 2.3.6 and the above that
Note that, when η p ≤ r, r < η p + r ≤ 2r. Thus,F | C u,p always contributes to δ flat ((h * (F )) torsion-free ):
which is always positive.
Summing over the node p ∈ h(C u ) ⊂ C in Case (b) above, one concludes that
This proves the proposition. 3.1 The moduli stack of Z-semistable morphisms from Azumaya nodal curves with a fundamental module to a Calabi-Yau 3-fold
We now bring out the main character of the D(10)-series of the project.
Z-Semistable morphisms from Azumaya nodal curves with a fundamental module
For the current Sec. 3 and the next Sec. 4, we fix the following data:
· Domain data :
: the moduli stack of stable curves of genus g,
: a relative positive degree class on C Mg /M g .
· Target 
; E ) → Y be a morphism from an Azumaya nodal curve with a fundamental module to a projective Calabi-Yau 3-fold Y such that [ϕ * (E )] = β ∈ A 1 (Y ), (i.e. ϕ is a morphism from an Azumaya nodal curve with a fundamental module to Y of type (g; r, χ; β)) ·Ẽ ϕ ∈ Coh (C × Y ) be the graph of ϕ, which is a 1-dimensional coherent sheaf on C × Y that is flat over C and of relative dimension 0 and relative length r over C , · ρ : C → C be the collapsing morphism from C to the stable curve C associated to C (i.e. ρ stabilizes C ),
We say that ϕ is Z-semistable of type (g; r, χ; β, c) if the following additional conditions hold:
(3) For each P 1 -component (denoted by P 1 ) of the P 1 -tree subcurve of C that is collapsed by ρ to points in C, if ϕ| P 1 is a constant morphism, then P 1 has at least three special points (i.e. points where P 1 intersects with other components of C ).
We say that ϕ is Z-stable if Condition (1) above is replaced by:
When the central charge functional Z is known and fixed either explicitly or implicitly, we may use the terminology semistable morphism, stable morphism for simplicity.
Remark 3.1.2. [Conditions (1), (2), (3) in Definition 3.1.1 ]. The meaning behind Conditions (1), (2), and (3) in Definition 3.1.1 is illuminated below:
(1) Condition (1) says that, though the notion of (semi)stability of morphisms in our problem cannot be defined completely just using twisted central charge, that for the restriction of the morphism on the "main part" of a general nodal curves remains following the notion of (semi)stability associated to the twisted central charges.
(2) Condition (2) is a "positivity condition" on the restriction of morphisms to the unstable bubbling P 1 -tree of nodal curves. It compensates for the fact that such positivity can be lost and undetectable from the twisted central charge due to "overspreading of the twisted central charge". This condition says that, while possibly undetectable by twisted central charge, the restriction of a morphism to such P 1 -tree can still cost some "positive internal rotating/winding energy". From this aspect, Condition (2) might be weakened to:
(2 ) The natural sequence of homomorphisms of O C ×Y -modules (ρ×Id Y ) * (F) →Ẽ ϕ → 0 is exact at every 1-dimensional generic points of Supp (Ẽ ϕ ).
I.e. requiring only that
(3) Condition (3) reminds one of a similar condition for stable maps in algebraic GromovWitten theory ( [Ko] and, e.g. [Be] for a survey). In our case, even with Conditions (1) and (2), there remains no control of the size of P 1 -chains for which the restriction of the morphism is connected-componentwise constant. As such chain takes no twisted central charge and costs no "winding energy' of any sort, they are completely undetectable and uncontrollable. Fortunately, they are on the other hand the only kind of P 1 -trees in a nodal curve such that collapsing the P 1 -tree gives rise to a curve that remains nodal. From the above reasoning, to get a bounded family of morphisms, one has no choice but to collapse all such P 1 -chains. What's left is exactly described in Condition (3). (See Sec. 4.3, Theme '
Step (d) : Termination of the reduction -Recovery of a regular morphism in our category over t ∈ T ' for a more technical and precise discussion.)
Definition 3.1.3. [morphism between Z-semistable morphisms]. Let
be two Z-semistable morphisms from Azumaya nodal curves with a fundamental module to Y of type (g; r, χ; β, c). Then, a morphism from ϕ 1 to ϕ 2 , phrased directly in terms of their graph E ϕ 1 andẼ ϕ 2 respectively, is a pair (h ,h ), where
Note that, with the collapsing morphisms ρ 1 : C 1 → C 1 and ρ 2 : C 2 → C 2 specified, h induces a unique isomorphism h : C 1 → C 2 so that the following diagram commutes
) on the top is the natural homomorphism (isomorphism in the current case) from interchanging the order of push and pull. These induced data of isomorphisms are automatically assumed when in need.
The moduli stack of Z-semistable morphisms of type (g; r, χ; β, c) Definition 3.1.4. [family of Z-semistable morphisms]. Let S be a Noetherian scheme/C. An S-family ϕ S of Z-semistable morphisms of type (g; r, χ; β, c) from Azumaya nodal curves with a fundamental module to the Calabi-Yau 3-fold Y is given, in terms of their graphs, by the following data:
: a flat family of nodal curves of genus g over S;
·Ẽ S ∈ Coh (C S × Y ) : a coherent sheaf on C S × Y that is flat over C S and of relative dimension 0 and relative length r over C S such that · as a coherent sheaf on C S /S, pr C S * (Ẽ S ) is a flat family of locally free sheaves of rank r and Euler characteristic χ on nodal curves over S,
that satisfy the following properties:
(1) Let ρ S : C S /S → C S /S be the collapsing S-morphism that defines a morphism S → M g . Then, (ρ S × Id Y ) * (Ẽ S ) =:F S is a flat family of Z-semistable Fourier-Mukai transforms from fibers of C S /S to Y with twisted central charge
(2) The natural sequence of homomorphisms of
(3) For each P 1 -component (denoted by P 1 ) of the P 1 -tree subcurve of C s , s ∈ S, that is collapsed by ρ s to points in C s , ifẼ | P 1 ×Y is isomorphic to pr * Y ( • ) for some 0-dimensional sheaf • of length r on Y (i.e. ϕ s | P 1 is a constant morphism), then P 1 has at least three special points in C s . be two S-families of Z-semistable morphisms from Azumaya nodal curves with a fundamental module to Y of type (g; r, χ; β, c). Then, a morphism from ϕ 1,S to ϕ 2,S , phrased directly in terms of their graphẼ ϕ 1,S andẼ ϕ 2,S respectively, is a pair (h S ,h S ), where
As before, with the collapsing morphisms ρ 1,S : C 1,S → C 1,S and ρ 2,S : C 2,S → C 2,S specified, h S induces a unique isomorphism h S : C 1,S → C 2,S so that the following diagram commutes
Definition 3.1.6. [stack of Z-semistable morphisms]. Define the stack M
Z-ss
Az f (g;r,χ) (Y ; β, c) of Z-semistable morphisms from Azumaya nodal curves with a fundamental module to the CalabiYau 3-fold Y of type (g; r, χ; β, c) to be the sheaf of groupoids that associates to each scheme S over C the groupoid M
Az f (g;r,χ) (Y ; β, c)(S) whose objects are S-families of Z-semistable morphisms from Azumaya nodal curves with a fundamental to Y of type (g; r, χ; β, c) in Definition 3.1.4, and whose morphisms are morphisms between S-families of Z-semistable morphisms in Definition 3.1.5. 
A natural morphism from M
be an S-family of semistable morphisms from Azumaya nodal curves with a fundamental module to Y andẼ ϕ S ∈ Coh ((C S × Y )/S) be its graph. Let ρ S : C S → C S be the built-in contracting homomorphism from nodal curves to stable curves. Then, Condition (2) required of semistable morphisms implies that R
Proof. Let Σ S ⊂ C S be the image of contracted P 1 -trees on fibers of C /S under ρ S . Then Σ S has relative dimension 0 over S. It follows that, after passing to a base change (still denoted by S) if necesary, there exists a relative ample Cartier divisor H C S /S on C S /S that has no intersection with Σ S . Together with any ample Cartier divisor H Y on Y , they define a relative ample line bundle O (C S ×Y )/S (1) on (C S × Y )/S that has the following property:
for all m.
Consider now the push-forwardF
be the associated exact sequence of O (C S ×Y )/S -modules. It follows from Condition (2) and right exactness of tensoring/pulling-back that this induces an exact sequence of O C S ×Y -modules
and its associated long exact sequence of O C S ×Y -modules
So far, this is over the base-changed S to guarantee the existence of the special H C S /S at the beginning of the proof. However, the Theorem on Formal Functions implies that the same vanishing statement must hold over the original S. This proves the lemma.
Continuing the setting in the above lemma. It follows then from Lemma 2.1.1 that
is flat over S and, hence, defines a morphism from the moduli stack of semistable morphisms from general Azumaya nodal curves with a fundamental module to the moduli stack of Fourier-Mukai transforms from stable curves.
Altogether, one has the following diagram of natural morphisms between moduli stacks:
Here, Φ : M Z-ss
Az f (g;r,χ) (Y ; β, c) → M Az f (g;r,χ) is the forgetful morphism
M Az f (g;r,χ) → M g comes from the collapsing morphism that stabilizes a nodal curve, and
Compactness of the moduli stack M Z-ss
Az f (g;r,χ) (Y ; β, c) of Z-semistable morphisms We now state the main theorem of the current notes, whose proof takes this whole section: . Let (C Az S , E S )/S be a bounded family of Azumaya nodal curves with a fundamental module of type (g; r, χ) over a base scheme S (of finite type). Then the stack M (C Az S , E S )/S (Y ; β) of morphisms of type (g; r, χ; β) from fibers of (C Az S , E S )/S to a projective scheme Y is bounded.
It follows that to show that M Z-ss 
· ρ : C → C is the contraction of unstable P 1 -trees in the nodal curve C that renders it a stable curve C; The proof of the theorem takes the rest of this subsection. For the convenience of referral, we will call the above commutative diagram the basic diagram of four.
Reduction to boundedness of the family of pairs for stable and unstable subcurves.
be a decomposition of C into a union of two subcurves, where C u is the union of all connected P 1 -trees that are contracted by ρ, and
be the further decomposition of C u into the union of three P 1 sub-trees such that
For convenience, denote also the union as subcurves in C
Our goal is to prove the following theorem: 
in the problem is bounded. Once this is justified, then since the gluing of the four locally free sheaves
along fibers at attached points contributes only a finite-dimensional moduli to the resulting pair (C , E ) the problem, the resulting family of pairs (C , E ) would then be bounded. This would thus prove Theorem 4.1.2. We have thus reduced the proof of Theorem 4.1.2 to the justification of Theorem 4.1.3.
Before further study in details, note that if letting H be the hyperplane class on Y associated to the very ample line bundle O Y (1) on Y , then, for each P 1 -component P 1 of C (1) u , the curve class [pr Y * (Ẽ | P 1 )] on Y is effective and hence has a positive intersection number with H. Since
the number of irreducible components of C (1) u is uniformly bounded by H · β. Together with the fact that C 0 is a partial normalization of a subcurve of a stable curve of genus g, one has the following lemma:
Lemma 4.1.4. [boundedness of combinatorial types of C 0 and C (1) u ]. The set of combinatorial type (and hence homeomorphism classes) of C 0 and P 1 -trees C
(1) u that can occur in our problem is finite, depending only on the type (g; r, χ; β, c) of morphisms considered.
In particular, both numbers of connected components, |π 0 (C 0 )| and |π 0 (C (1) u )|, are uniformly bounded, depending only on g and β respectively.
Boundedness of the family of isomorphisms classes of pairs (C
Observe that from the way we define a semistable morphism in Definition 3.1.1, the restriction ofẼ to over a P 1 -component, denoted simply as P 1 , of C (0) u,+ satisfies the three properties:
(1)Ẽ | P 1 is realizable as a quotient of a trivial bundle on C × Y , ].
is a strictly positive locally-free sheaf on C
) and torsions and non-locally-free-ness of F We now study how the size of the P 1 -tree C (0) u,+ influences the push-forward F := ρ * (E ) on C in the basic diagram of four.
Consider the decomposition 
u,a )| is the number of connected components of C (0) u,a . In particular, except the number of connected components of C (0) u,a , it is independent of how this collection of locally free sheaves on P 1 's are glued to give E | C
As a consequence, one has the following lemma: u ) is a nodal curve of genus ≤ g, it follows from Lemma 4.1.4 that n a is uniformly bounded, depending only on (g; r, χ; β, c). Let F torsion be the torsion subsheaf of F = ρ * (E ) and l(F torsion ) be its length. Then,
In particular, if there is a uniform upper bound for l(F torsion ) then there are a uniform upper bound for the number of irreducible components of C (0) u,+ and a uniform upper bound for a ijk ≥ 0 in Lemma 4.1.6.
Proof. Note that ρ * takes
, ) | s vanishes at all the attached points on C
u,a } injectively to the torsion subsheaf F torsion of F. Recall Remark 2.2.7 and observe from the explicit formula in Lemma 4.1.6 that
if either the number of irreducible components of C
u,+ goes to infinity or some a ijk in Lemma 4.1.6 goes to infinity except the situation of the connected components C of C u,a that contain only P 1 -chain connected component of C (0) u,+ that has total length ≤ r, with an attached point on each P 1 -end, and with the total degree of E | P 1 's, where P 1 runs over the P 1 -components of C , ≤ r since collapsing such C may not create torsions from pushing forward. However, when such collection of P 1 -chains in C do not contribute to F torsion , they then contribute positively to δ flat (F torsion-free ), where F torsion-free := F/F flat . Since δ flat (F torsion-free ) ≤ r · (number of nodes of C) and the number of nodes of a stable curve of genus g is uniformly bounded above, the total number of P 1 -chains in the union of all such C is uniformly bounded and, hence, the family of isomorphism classes of (C ∩ C (0)
) is also bounded. This proves the lemma. Now l(F torsion ) does have a uniform upper bound since F comes from the push-forward of the elements in the compact stack FM 
, we only need to show that there is a uniform bound on the combinatorial types of C 
Boundedness of the family of isomorphisms classes of pairs (C 0 , E | C 0 ) (a) Bound for |χ(E | C 0 )| Let I C u be the ideal sheaf of C u in C. Then one has the short exact sequence of O C -modules
Since I C u · E is supported on C 0 and ρ| C 0 → C is affine birational of relative dimension 0, one has the short exact sequence
Since I C u | C 0 is the ideal sheaf of the nodes C 0 ∩ C u in C 0 , one has also a short exact sequence of
where G is 0-dimensional, supported at C 0 ∩ C u , and of length r |C 0 ∩ C u |, which is uniformly bounded by Lemma 4.1.4 and Lemma 4.1.7. Since both ρ * (I C u · E ) and ρ * (E | C 0 ) are torsion free on C, one has a sequence of inclusions
From which one deduces that
which is, again, uniformly bounded by Lemma 4.1.4 and Lemma 4.1.7. It follows that
Together with Lemma 4.1.7 and Lemma 4.1.4, this proves:
There is a uniform upper bound for |χ(E | C 0 )| that depends only on (g; r, χ; β, c).
(b) Boundedness for the family of pairs
From Part (a), one has an exact sequence of O C -modules
where G is a 0-dimensional O C -module of length ≤ r |C 0 ∩ C u |. This shows that the pairs (C, ρ * (E | C 0 )) lie in a bounded family since both F/F torsion and G do. On the other hand, the pairs (C 0 , E | C 0 ) lie in a bounded family if and only if the pairs (C, ρ * (E | C 0 )) lie in a bounded family. This proves:
The family of isomorphisms classes of pairs
Boundedness of the family of isomorphisms classes of pairs (C
(1) u;ij P 1 be the irreducible components of C
u , with i labeling the connected components of C
(1) u and j labeling the irreducible components in the i-th connected component of C (1) u , and
. Recall Lemma 4.1.4 that there is a uniform bound on the number of combinatorial types of the P 1 -tree C (1) u . It follows that to show that the pairs (C
lie in a bounded family, we only need to show that the a ijk 's that can appear in the above decomposition must lie in a bounded interval of Z that depends only on (g; r, χ; β, c).
(a) Upper bound for a ijk
That a ijk has a uniform upper bound follows from the same argument as in Theme 'Boundedness of the family of isomorphisms classes of pairs (C
be the inclusion of subcurves. Then the quotient homomorphisms of O C -modules
where G is 0-dimensional of length bounded above by r (|C 0 ∩C (0)
u |), which, in turn, is uniformly bounded above. It follows that
is uniformly bounded below since χ(E ) = χ is fixed and all l(G ), − χ(E | C 0 ), and − χ(E | C (0) u ) are uniformly bounded below by the above argument, Proposition 4.1.8, Proposition 4.1.11, and Proposition 4.1.9.
On the other hand, one has the short exact sequence
where G is 0-dimensional of length bounded above by r |(C
u ) singular |, which, in turn, is uniformly bounded. It follows that
is uniformly bounded below. Since the number of terms in the summation i,j,k is bounded above by r (H ·β) and the a ijk 's are uniformly bounded above by Part (a), a ijk must be uniformly bounded below as well. Together with Part (a), this proves that:
The family of isomorphisms classes of
All together, this proves the boundedness of Im Φ. It follows now from Proposition 4.1.1 that M Z-ss Az f (g;r,χ) (Y ; β, c) is also bounded. This concludes the proof of Theorem 4.1.2.
The error charge of a Fourier-Mukai transform.
Similar to the technique used in the work [L-W] of Jun Li and Baosen Wu, we define the notion of error charge that suits our problem in this subsection. It will be used in Sec. 4.3 to show that the bubbling-off procedure, which resolves irregularities of a morphism created by filling-in the central fiber of a 1-dimensional family of morphisms, must terminate in finitely many steps to recover a regular morphism within our category. This proves then the completeness of the stack M Z-ss Az f (g;r,χ) (Y ; β, c).
The error charge and its basic properties Definition 4.2.1. [error charge]. Let C be a nodal curve, ρ : C → C ∈ M g be the collapsing morphism, andF be a 1-dimensional coherent O C ×Y -module such that pr C * (F ) has rank r on each irreducible component of C . Then, from the existence of a flattening stratification for a coherent sheaf, there exist a finite set D of points on C such that ·F is flat, of relative length r, over U := C − D ; · as coherent sheaf over C ,F is not flat over points in D .
Define the error charge ofF over C , with respect to the central charge function Z, to be the following complex number Err Z C (F ) :
Note thatF (p ) = 0 except for p ∈ D (hence p ∈C is well-defined) and thatF torsion-free /C is now of relative dimension 0 over C ; points in C over whichF torsion-free /C is not flat is now a subset of D ∩ C singular .
· (Cf. Definition 2.3.2)
For p ∈ C , define the discrepancy to flatness ofF torsion-free /C over p to be
The last equality follows from the fact that Supp (F torsion-free /C ) is affine, of relative dimension 0 over C . Also, note that δ flat /C (F torsion-free /C ; p ) = 0 except for a subset of points in D ∩ C singular . Thus, we may define the discrepancy to flatness ofF torsion-free /C over C to be
· Define the error charge Err Z C (F ) ofF /C to be (1) As a function on Coh 1 (C × Y ), Err Z C takes its value in a locally-finite rank-2 lattice in C.
Note that Err
Decrease of the error charge under a bubbling-off of C Definition 4.2.4. [order on C]. Define an order ≺ on C as follows: For z 1 , z 2 ∈ C, we say that z 1 precedes z 2 , in notation z 1 ≺ z 2 (or equivalently z 2 z 1 ), if either −Im z 1 < −Im z 2 or −Im z 1 = −Im z 2 and Re z 1 < Re z 2 . When either z 1 ≺ z 2 or z 1 = z 2 holds, one denotes z 1 z 2 (or equivalently z 2 z 1 ).
Continuing the situation in Definition 4.2.1. Let C be a nodal curve that admits a collapsing morphism
where ρ and ρ are collapsing morphisms that stabilize the nodal curves. LetF ∈ Coh 1 (C ) be a 1-dimensional coherent sheaf on C × Y with the following properties:
(0) pr C * (F ) is of rank r on each irreducible component of C .
(
(3) For at least one of the P 1 -components of the P 1 -tree subcurve of C that is collapsed by h to points in C , (F | P 1 ) torsion-free /P 1 is not the pull-back of a coherent sheaf on
The proof takes the rest of this theme, which we now proceed. Note that under the isomorphism (h × Id Y ) * (F ) F from Property (1) of the statement,
In particular, the curve class [
It follows that one has the following commutative diagram of O C ×Y -modules
where both horizontal sequences are exact. This implies that
α induces a homomorphism of O C -modules
Note that Ker (α) is either 1-dimensional or 0-dimensional. For the convenience of further discussions, let
be the decomposition of C as a union of the P 1 -tree subcurve C u h that is contracted by h and the remaining subcurve C 0 h .
This happens exactly when there exists a P 1 -component of C u h such that Supp (F | P 1 ) has an irreducible component that is of relative dimension 1 over both P 1 and Y . In this case,
and, hence, Err Z C (F ) ≺ Err Z C (F ), as claimed.
I.e., there exists no P 1 -component of C u h such that Supp (F | P 1 ) has an irreducible component that is of relative dimension 1 over both P 1 and Y . Observe first the following lemma:
Then, when Ker (α) is 0-dimensional, Properties (2) and (3) in the statement of Proposition 4.2.5 imply that G is a positive torsion-free sheaf on the P 1 -tree C u h .
Proof. To show that G is positive is to show that for every P 1 -component P 1 of C u h , (G | P 1 ) torsion-free is nonnegative and for the P 1 -components of C u h in Property (3), (G | P 1 ) torsion-free is positive. In this case,
is locally free and (F | P 1 ) torsion-free /C ∈ Coh 1 (P 1 × Y ) defines a special morphism as studied in Sec. 2.2. The same argument that gives Lemma 2.2.1 proves then (G | P 1 ) torsion-free is positive. This proves the lemma.
In the current case, R 1 pr C * (Ker (α)) = 0; together with left exactness of push-forward, one has thus: · When Ker (α) is 0-dimensional, the homomorphisms pr C * (α) and, hence,
are surjective. Furthermore, Ker (α ) = pr C * (Ker (α)).
Since pr C * (F torsion-free /C ) is a torsion-free O C -module and both h * (pr C * (F torsion-free /C )) and pr C * (F torsion-free /C ) are of rank r,
Lemma 4.2.7. [difference of error charges]. When Ker (α) is 0-dimensional, (with the notation from Lemma 4.2.6)
Here, the last line follows Proposition 2.3.8 and Lemma 4.2.6. This proves the lemma. 
It follows that, when Ker
· The equality "=" holds if and only ifF is flat over C .
Let T be an affine smooth curve with parameter t and a base-point, denoted by 0 with its ideal sheaf denoted by m 0 = (t), and U := T − {0}. Consider a U -family of Z-semistable morphisms from Azumaya nodal curves with a fundamental module to Y of type (g; r, χ; β, c), given byẼ
, where · C U is a U -family of nodal curves with a built-in collapsing morphism ρ U : C U /U → C U /U , where C U /U is a U -family of stable curves of genus g; ·Ẽ U is flat, of relative dimension 0 and relative length r, over C U ;
transforms from stable curves of genus g to Y .
The data is also equipped with a built-in exact sequence of O C U ×Y -modules
In the discussion below, some procedures may require a finite base change to realize. To avoid overflow of notations, we set the convention that the new base (with the pulled-back family) from a base change will be still denoted by T .
Step (a) : Filling in a Fourier-Mukai transform over 0 ∈ T Possibly after passing to a base change, one may fill the U -family C U of nodal curves to a T -family of nodal curves with a collapsing morphism ρ T : C T → C T over T that extends the collapsing morphism ρ U : C U → C U over U . For the T -family C T of stable curves, it follows from [L-Y3: Sec. 3] (D(10.1)) that one may complete the U -familyF U to a T -familỹ
of Z-semistable Fourier-Mukai transform to stable curves of genus g to Y , using the technique of elementary modifications by Stacy Langton [La] .
Step (b) : Filling in a quotient sheaf over 0 ∈ T It follows from the properness of the Quot-scheme
(withẼ T flat over T ), whose restriction to over 0 ∈ T is the quotient sheaf
Proof. These are the consequences of:
The details follow the same proof of Lemma 3.2.1.
Consider now the natural homomorphismsα 0 andα T from the compositions
The natural homomorphisms
Proof. We only need to show thatα T :
is an isomorphism over an open dense complement of a codimension-2 subset of Supp (F T ). The lemma then follows from Lemma 4.3.1 and Lemma 2.1.2. First note that sinceF T is flat over T while Ker (α T ) ⊂F T is supported only over 0 ∈ T , it must be that Ker (α T ) = 0 andα T is a monomorphism. Note also that
Since bothF T and (ρ T × Id Y ) * (Ẽ) T are flat over T , one has the exact sequence
andα T can be regarded as the compositioñ 
is an isomorphism, letẽ U be the restriction ofẽ T to over U ⊂ T (and similarly for other local section ( · ) U ), then there exists anf U ∈F U such thatα U (f U ) =ẽ U . From naturality of the construction,β U (f U ) =ẽ U also holds. Thus, withF T as a subsheaf of (
This proves thatα T :
is an isomorphism over an open dense complement of a codimension-2 subset of Supp (F T ) and, hence, the lemma.
If Err Z flat /C 0 (Ẽ 0 ) = 0, then go to the last Step (d). Otherwise, move on to the next Step (c) to continue the reduction.
Step (c) : Turning on the reduction -Bubbling off to absorb/reduce irregularities of the morphism over 0 ∈ T We first reduce the irregularities of ϕẼ 0 that come from 1-dimensional subsheaf of (Ẽ 0 ) torsion /C 0 . Once such irregularities are all resolved to obtain a new ϕẼ 0 we then reduce the irregularities of the new ϕẼ 0 that comes from points on C 0 over whichẼ 0 is not flat.
Step (c.1
Then, there exists a point p ∈ C 0 such that (Ẽ 0 ) (p ) is 1-dimensional. Up to a base change of T , let
be a collapsing morphism of T -family of nodal curves from blowing up an appropriate subscheme of C T that contains p , now as a point in C T , such that · h U is an isomorphism; · the P 1 -tree subcurve C u h 0 of C 0 that gets contracted by h 0 to p is connected.
Consider the new
from the Quot-scheme/T completion of the exact sequence over U
is supported over an infinitesimal neighborhood of 0 ∈ T . Then, similar argument in the proof of Lemma 4.3.1 in Step (b) implies that
And similar argument in the proof of Lemma 4.3.2 in Step (b) implies that 
are isomorphisms.
By the nature of the blow-up in the construction, one has in addition the following lemma:
The natural diagram of morphisms from the construction
has all the arrows surjections.
It follows that there is a P 1 -component of C u h 0 such that pr Y * ((Ẽ 0 | P 1 ) is 1-dimensional and, hence, we are in 'Case (a) : Ker (α) is 1-dimensional ' of the previous theme. It follows from the discussion there that 0 ≤ − Im Err Step (c.2
E 0 is now of relative dimension 0 over C 0 . Let p ∈ C 0 be such thatẼ 0 is not flat over p . As in
Step (c.1), up to a base change of T , let
be a collapsing morphism of T -family of nodal curves from blowing up an appropriate subscheme of C T that contains p , now as a point in C T , such that · h U is an isomorphism;
· the P 1 -tree subcurve C u h 0 of C 0 that gets contracted by h 0 to p is connected.
Consider the new T -family of 1-dimensional coherent sheavesẼ T ∈ Coh ((C T × Y )/T ) in the exact sequence over T
Again, Ker (β T ) = ((h T × Id Y ) * (Ẽ T )) torsion /T is supported over an infinitesimal neighborhood of 0 ∈ T and one has the following two lemmas by the same reasoning for the corresponding lemmas in Step (b) and Step (c.1):
Lemma 4.3.6. [vanishing of R 1 (h 0 ×Id Y ) * (Ẽ 0 ) on C 0 ×Y and R 1 (h T ×Id Y ) * (Ẽ T ) on C T ×Y ]. 
Furthermore, one has the following positivity property:
Lemma 4.3.8.
[positivity of push-forward to C u h 0 ].
The torsion-free sheaf (pr C 0 * (Ẽ 0 )| C u h 0 ) torsion-free on the P 1 -tree C u h 0 is positive.
Proof. Since pr C T * (Ẽ T ) is coherent, there exist an affine neighborhood U T of p in C T and a k > 0 such that (pr C T * (Ẽ T ))| U T is realized as a quotient sheaf
The composition of homomorphisms of O U T ×Y -modules
gives a quotient sequence of O U T ×Y -modules
SinceẼ T is flat over U T −{p }, of relative length r, the above quotient sequence induces a rational map
that is regular on U T − {p } and has a point of indeterminancy p . Let U T := h 
that is regular on (h T | U T ) −1 (U T − {p }) = U T − C u h 0 . Furthermore, since U T is smooth on the complement of a codimension-2 subset and Quot Y (O ⊕k Y , r) is proper, the domain of definition for f T extends over an open dense subset V 0 ⊂ C u h 0 . The nature of the blow-up construction implies that f 0 (V 0 ) must be 1-dimensional. It follows now by the same argument as that for Lemma 2.2.1 that the torsion-free sheaf (pr C 0 * (Ẽ 0 )| C u h 0 ) torsion-free on the P 1 -tree C u h 0 is positive.
It follows from Lemma 4.2.7 that, as nonnegative integers, 0 ≤ Err
If Err Z flat /C 0 (Ẽ 0 ) = 0, then go to the next and last Step (d). Otherwise, redenote (C T ,Ẽ T ) as (C T ,Ẽ T ) and repeat the current Step (c.2).
Step ( / / C TT be a T -morphism between two (flat) T -families of nodal curves of the same (arithmetic)genus such that ρ U is an isomorphism. (Here, recall that 0 ∈ T and U := T − {0}.) Note that ρ 0 must be a collapsing morphism that contracts an admissible P 1 -tree subcurve C u ρ 0 of C 0 . Let C 0;(1) be an admissible P 1 -tree subcurve of C 0 that is contained in C u ρ 0 . Then, up to a base change on T with the pulled-back family, there exist collapsing morphisms between T -family of nodal curves of the same genus
where h T contracts exactly C 0;(1) , such that ρ T = ρ T • h T .
Proof. Let H T be an ample Cartier divisor on C T that is relative very ample on C T /T and supported in the relative smooth locus of (C T − ρ T (C u ρ 0 ))/T . Then the pull-back Cartier divisor H T := ρ T −1 (H T ) is supported on the relative smooth locus of (C T − C u ρ 0 )/T and the tautological quotient sheaf O C T ⊗ C H 0 (C T , O C T (H T )) → O C T (H T ) from evaluations of global sections determines a morphism f T : C T → Proj (H 0 (C T , O C T (H T ))) whose image Im (f T ) is isomorphic to C T and the morphism f T : C T → Im (f T ) recovers ρ T .
Similarly, up to a base change on T , there exists an effective Cartier divisorĤ T on C T , supported in the relative smooth locus of (C T − C 0;(1) )/T . Then mĤ T , m large enough, determines a collapsing morphism h T that contracts exactly C 0;(1) . In turn, up to a base change on T , there exists an effective Cartier divisor H T on C T , supported in the relative smooth locus of (C T − h T (C u ρ 0 ))/T , and m H T , m large enough, determines a collapsing morphism ρ T that contracts exactly h T (C u ρ 0 ). The lemma follows.
Resume our proof of the completeness of M Z-ss Az f (g;r,χ) (Y ; β, c). By construction and with some redenotation, we now have · a T -family of nodal curves C T /T with a collapsing T -morphism ρ T : C T → C T such that · C U /U C U /U specified in the beginning; · under the above isomorphism, ρ U = ρ U .
· a coherent sheafẼ T on C T × Y that is flat over C T , of relative length r, with the following properties:
(0) under the U -isomorphism C U C U above,Ẽ U Ẽ U . (1) (ρ T × Id Y ) * (Ẽ T ) =:F T gives a (flat) T -family of Z-semistable Fourier-Mukai transforms from fibers of C T /T to Y .
(2) The natural sequence of homomorphisms (ρ T × Id Y ) * (F T ) →Ẽ T → 0 is exact.
Let C u ρ 0 be the P 1 -tree subcurve of C 0 that is collapsed by ρ 0 . Proof. This follows from the fact that H 0 (Z; O Z ) = C for any connected projective variety Z and that Supp (Ẽ T ) is affine over C T .
Thus, after contracting step by step all the admissible P 1 -tree subcurves in C 0 that are contained in C u ρ 0 and to whose components the restriction of ϕẼ 0 are constant and redenotation, E T now has in addition the following property:
(3) For each P 1 -component (denoted by P 1 ) of the P 1 -tree subcurve of C 0 that is collapsed by ρ 0 to points in C 0 , if ϕẼ 0 | P 1 is a constant morphism, then P 1 has at least three special points
In other words, we obtains a T -family of Z-semistable morphisms from Azumaya nodal curves with a fundamental module to Y of type (g; r, χ; β, c) that, up to a base change, extends the original U -family of Z-semistable morphisms of type (g; r, χ; β, c).
